Introduction {#Sec1}
============

Hausdorff's maximal chain principle asserts that every totally ordered subset of a partially ordered set *S* is contained in a maximal one. Equivalently, this can be put as a completeness criterion in first-order terms: a chain *C* is maximal precisely when, for every $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a \in C\, \vee \, (\exists b \in C)\, (a \nleqslant b \wedge b \nleqslant a). \end{aligned}$$\end{document}$$This is somewhat reminiscent of the characterisation of maximal ideals in commutative ring theory \[[@CR21]\]. In this setting an ideal *J* of a commutative unital ring takes the place of *C*, and the respective right-hand disjunct of ([1](#Equ1){ref-type=""}) expresses that the ring element *a* is invertible modulo *J*. Moreover, it is possible to describe the common part of all maximal ideals in first-order terms. This encodes Krull's Maximal Ideal Theorem as an intersection principle, and yields a notion of Jacobson radical suitable for constructive algebra \[[@CR21], [@CR31], [@CR38]\].

By analogy, we can define the Jacobson radical $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {Jac}}(C)$$\end{document}$ coincides with the intersection of all maximal chains containing *C*. Hence Hausdorff's principle too can be recast as an intersection principle. All this will even be done in a slightly more general fashion. The main point to be stressed is that a simple *constructive* interpretation is possible, whence the purpose of this paper is twofold: we communicate a new choice principle, and describe its constructive underpinning.

We proceed as follows. In Sect. [2](#Sec2){ref-type="sec"}, alongside the analogy with ring theory, we describe our concepts of coalition and Jacobson radical. In Sect. [3](#Sec3){ref-type="sec"} we briefly relate this to past work \[[@CR25]--[@CR27]\] on the interplay of single- and multi-conclusion entailment relations \[[@CR9], [@CR35]\]. In Sect. [4](#Sec4){ref-type="sec"} we give a constructive account of complete coalitions by means of a suitable inductively generated class of binary trees. In Sect. [5](#Sec5){ref-type="sec"} we briefly discuss two applications: maximal chains of partially ordered sets, and maximal cliques of undirected graphs. The main results are Proposition [1](#FPar5){ref-type="sec"} and its constructive companion Proposition [3](#FPar13){ref-type="sec"}.

**Foundations**

The content of this paper is elementary and can be formalised in a suitable fragment of constructive set theory ![](495900_1_En_21_Figa_HTML.gif){#d30e608} \[[@CR2], [@CR3]\]. Due to the choice of this setting, sometimes certain assumptions have to be made explicit which otherwise would be trivial in classical set theory. For instance, a subset *T* of a set *S* is *detachable* if, for every $\documentclass[12pt]{minimal}
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                \begin{document}$${\text {Fin}}(S)$$\end{document}$ for the set of finitely enumerable subsets of *S*. To pin down a rather general, classical intersection principle, and to point out certain of its incarnations, requires some classical logic and the Axiom of Choice (AC) in its classically equivalent form of Zorn's Lemma (ZL) \[[@CR40]\]. For simplicity we switch in such a case to classical set theory ![](495900_1_En_21_Figb_HTML.gif){#d30e683} , signalling this appropriately.

Coalitions {#Sec2}
==========

Throughout, let *S* be a set, and let *R* be an irreflexive symmetric relation on *S*. We say that a subset *C* of *S* be a *coalition*[1](#Fn1){ref-type="fn"} (with respect to *R*) if $\documentclass[12pt]{minimal}
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                \begin{document}$$\overline{R}$$\end{document}$ denotes the complementary relation. For instance, the empty subset is a coalition, as is every singleton subset of *S*, by the irreflexivity of *R*. Notice that coalitions are closed under directed union. A coalition *C* is called *complete* if, for every $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} a \in C\, \vee \, (\exists b \in C)\, aRb. \end{aligned}$$\end{document}$$It is perhaps instructive to read *aRb* as "*a* opposes *b*" (and *vice versa*, to account for symmetry), under which reading it makes sense to require irreflexivity. A coalition is then a subset of *S* in which no two members oppose one another. A complete coalition *C* is such that, given any $\documentclass[12pt]{minimal}
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                \begin{document}$$a \in S$$\end{document}$, this *a* either belongs to *C*, or else *C* exhibits a witness *b* which opposes *a*.

Lemma 1 {#FPar1}
-------

Every complete coalition is detachable and maximal (with respect to set inclusion) among coalitions. Conversely, with classical logic every maximal coalition is complete.

Proof {#FPar2}
-----

Let *C* be a complete coalition. Since $\documentclass[12pt]{minimal}
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                \begin{document}$$a \in D$$\end{document}$. By completeness, either $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \in C$$\end{document}$ right away, or else there is $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$b \in C$$\end{document}$ such that *aRb*, but the latter case is impossible as *D* is a coalition. As regards the converse, if *C* is a complete coalition and $\documentclass[12pt]{minimal}
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If *C* is a coalition, let us write$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \mathrm {Comp}/C $$\end{document}$$for the collection of all complete coalitions that contain *C*, with the special case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathrm {Comp} = \mathrm {Comp}/\emptyset $$\end{document}$. Since every complete coalition is detachable (Lemma [1](#FPar1){ref-type="sec"}), these collections are sets due to the presence in ![](495900_1_En_21_Figc_HTML.gif){#d30e965} of the Exponentiation Axiom \[[@CR2], [@CR3]\].

All this is fairly reminiscent of the characteristics of maximal ideals in ring theory \[[@CR21]\]. Given a commutative ring *A* with 1, recall from \[[@CR12], [@CR21]\] that the Jacobson radical \[[@CR20]\] of an ideal *J* of *A* can be defined as$$\documentclass[12pt]{minimal}
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Lemma 2 {#FPar3}
-------
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Proof {#FPar4}
-----
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Proposition 1 {#FPar5}
-------------
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For the right-to-left inclusion we concentrate on the contrapositive. Thus, suppose that $\documentclass[12pt]{minimal}
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Remark 1 {#FPar7}
--------

The argument in the right-to-left part of the proof of Proposition [1](#FPar5){ref-type="sec"} can also be used in a more affirmative manner. ZL, which is said to be constructively neutral \[[@CR4]\],[2](#Fn2){ref-type="fn"} directly implies that$$\documentclass[12pt]{minimal}
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Proposition 2 {#FPar8}
-------------
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Proof {#FPar9}
-----
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Remark 2 {#FPar10}
--------
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Entailment for Completeness {#Sec3}
===========================
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Binary Trees for Complete Coalitions {#Sec4}
====================================

In this section we carry over the approach recently followed in \[[@CR34]\] for prime ideals of commutative rings, so as to accommodate complete coalitions. Readers familiar with dynamical algebra \[[@CR13], [@CR21], [@CR38]\] will draw a connection between the tree methods of \[[@CR13]\] and the one employed here.
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As an auxiliary tool, we further need a sorting function $\documentclass[12pt]{minimal}
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The following is the constructive counterpart of Proposition [1](#FPar5){ref-type="sec"} and does not require that *C* be a coalition to start with.

Proposition 3 {#FPar13}
-------------

Let *C* be a subset and *c* an element of *S*. The following are equivalent.
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Proof {#FPar14}
-----
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Membership in a radical coalition *C* is thus tantamount to termination.

Remark 3 {#FPar15}
--------
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Remark 4 {#FPar16}
--------

In general it cannot be decided effectively, i.e., without using some excluded middle, whether, given $\documentclass[12pt]{minimal}
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Applications {#Sec5}
============

We will now briefly discuss two instantiations of Proposition [1](#FPar5){ref-type="sec"}, concerning maximal chains of partially ordered sets and maximal cliques in undirected graphs. In both cases Proposition [3](#FPar13){ref-type="sec"} provides the corresponding constructive underpinning, which we leave to the reader to spell out in detail. Incidentally, the trick is to start with a relation *R* of which only the complement $\documentclass[12pt]{minimal}
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**Hausdorff's Principle**
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                \begin{document}$$b \in S$$\end{document}$, then by ([7](#Equ7){ref-type=""}) and classical logic there is a maximal chain that avoids *a*. Incidentally, this application helps to calibrate Proposition [1](#FPar5){ref-type="sec"}, which over classical set theory ![](495900_1_En_21_Figh_HTML.gif){#d30e2842} thus turns out equivalent to AC through Hausdorff's principle \[[@CR18], [@CR19], [@CR22]\].

**Maximal Cliques**
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Conclusion {#Sec6}
==========

Hausdorff's Maximal Chain Principle, a forerunner of Zorn's Lemma \[[@CR8], [@CR40]\], is presumably one of the most well-known order-theoretic forms of the Axiom of Choice. We have seen that the property of a chain to be maximal can be put as a completeness criterion, reminiscent of the case in commutative ring theory for maximal ideals. By analogy with Krull's Theorem for maximal ideals, employing a suitably adapted form of Jacobson radical, it has become possible to put a new variant of Hausdorff's Principle in terms of a universal statement. This has paved the way to a constructive, purely syntactic rereading by means of an inductively defined class of finite binary trees which encode computations along generic maximal chains. It remains to be seen, however, to what extent in a concrete setting our method allows to bypass invocations of Hausdorff's Principle.

Along similar lines, we have carried over the concept of Jacobson radical from commutative rings to the setting of universal algebra and thus to broaden considerably the range of applications that our approach has opened up so far \[[@CR33], [@CR34]\]. In fact, every single-conclusion entailment relation is accompanied by a Jacobson radical which in turn encodes a corresponding maximality principle. In particular, this encompasses the Jacobson radical for distributive lattices \[[@CR12]\], commutative rings \[[@CR31]\], as well as for propositional theories \[[@CR15], [@CR16]\]. We keep for future research to put all this under computational scrutiny, and to compare with ours the related methods employed in dynamical algebra \[[@CR13]\].

Incidentally, the term "coalition", which we use here for sake of intuition, is standard terminology in game theory to denote a group of agents \[[@CR39]\].

Forms of ZL have been considered over classical \[[@CR14]\], intuitionistic \[[@CR5]\] as well as constructive set theory \[[@CR1], [@CR32]\].

One of the anonymous referees has kindly drawn our attention to this.
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A caveat on terminology: this notion is *a priori* different from the one used in Bell's Clique Property (cf. Remark [2](#FPar10){ref-type="sec"}) but which carries over to graph theory.

Clique problems, e.g., the problem of finding a *maximum* clique and that of listing all maximal cliques are prominent in finite graph theory and computational complexity theory \[[@CR7]\].
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